Abstract. In the theory of operads we consider generalized symmetric power functors defined by sums of coinvariant modules. One observes classically that the symmetric functor construction provides an isomorphism from the category of symmetric modules to a split subcategory of the category of functors on dgmodules (if dg-modules form our ground category). The purpose of this article is to obtain a similar relationship for functors on a category of algebras over an operad.
Introduction
In the theory of operads we consider generalized symmetric power functors S(M ) : V → S(M, V ) defined by sums of coinvariant modules
where Σ n denotes the symmetric group in n letters. The structure formed by the coefficient sequence M (n), n ∈ N, where M (n) is a Σ n -module, is called a Σ * -module (a symmetric module in plain English). For our needs, we consider objects in the category of differential graded modules (dg-modules) and generalized symmetric power functors S(M ) : dg Mod → dg Mod on the category of dg-modules dg Mod, but the definition of these functors S(M ) : V → S(M, V ) makes sense in any symmetric monoidal category. The first purpose of this article is to extend the functor construction M → S(M ) to functors on a category of algebras associated to an operad P . In this context the category of Σ * -modules is replaced by the category of right P -modules, the structures formed by a Σ * -module equipped with a right operad action. In §1 we observe precisely, after [18] , that a functor S P (M ) : P Alg → dg Mod is naturally associated to any right P -module M . In addition we check that natural operations at the module level (namely extension, restriction, and tensor products) reflect corresponding operations on functors F : P Alg → dg Mod.
In general the category of dg-Σ * -modules is denoted by dg Σ * Mod, but, in this article, we can also adopt the shorter notation M for this category (as in [6, §1.2] ) and the notation F for the category of functors F : dg Mod → dg Mod. Similarly, the category of right modules over an operad is denoted by Mod P in general, but, to generalize our short notation for Σ * -modules, we use also the shorter notation M P for this category and we adopt the notation F P for the category of functors F : P Alg → dg Mod.
The map M → S(M ) defines clearly a functor S : M → F. In [6, §1.2] we observe that this functor has a right adjoint C : F → M so that the adjunction unit η M : M → C(S(M )) has a natural right inverse ǫ M : C(S(M )) → M , for all M ∈ M, and forms an isomorphism if the ground field is infinite or if M is a projective Σ * -module. As a byproduct, the functor S : M → F induces an isomorphism from the category of dg-Σ * -modules to a split subcategory of the category of functors F : dg Mod → dg Mod.
Our first objective is to obtain a similar statement for the functor category F P . In §2 we prove precisely that the functor S P : M P → F P , defined by the map M → S P (M ), has a right adjoint C P : F P → M P such that:
Lemma A. The adjunction unit η N : N → C P (S P (N )) admits a natural retraction ǫ N : C P (S P (N )) → N , for all N ∈ M P , and defines an isomorphism if N forms a projective Σ * -module or if the ground ring is an infinite field.
Hence, as in the context of Σ * -modules, the functor S P : M P → F P gives an isomorphism from the category of right P -modules to a split subcategory of the category of functors F : P Alg → dg Mod.
Next we study the homological properties of the functor S P : M P → F P . Precisely, we check first, in §3, that the category of right P -modules is equipped with a natural model structure. Then we prove that the morphism S P (f, A) : S P (M, A) → S P (N, A)
induced by a weak-equivalence of cofibrant right P -modules f : M ∼ − → N is a weakequivalence for all P -algebras A ∈ P Alg which are cofibrant in the category of dg-modules. This assertion implies that the category embedding S P : M P → F P induces a derived functor
where the homotopy category of functors Ho F P is defined by formally inverting pointwise weak-equivalences. Actually, we need finer homotopy invariance results and we give an account of this derived functor construction in §4 only for the sake of completeness. Precisely, for the needs of [B1] , we prove in §5:
Lemma B. Suppose that P is a Σ * -cofibrant operad so that the category of Palgebras is equipped with a semi-model structure. The morphism
induced by a weak-equivalence of Σ * -cofibrant right P -modules f : M ∼
− → N forms a weak-equivalence of dg-modules if A is a cofibrant P -algebra.
This work is motivated by applications to Adams's problem, the multiplicative structure issue for the bar complex of non-commutative algebras. Precisely, in [B1] , we observe that the bar complex B(A) is given by the functor A → S P (B P , A) associated to a certain cofibrant right P -module B P . The existence and uniqueness theorems of [B1] , namely theorems A-B, rely on this correspondence. Roughly the idea is to apply techniques of homotopical algebra at the module level and to deduce functorial multiplicative structures on the bar complex B(A) from corresponding structures on the associated right P -module B P . The homotopy interpretation theorem of [B1] , theorem C, is deduced from the homotopy invariance property supplied by lemma B.
Because of these motivations, we fix a category of dg-modules as a ground category. On the other hand, we make our arguments as general as possible to allow easy extensions of our results. Indeed: the results of lemma A depend on the ground category as it stands, but the definition of the functor S P : M P → F P and of its right adjoint C P : F P → M P can be handled in the context of symmetric monoidal categories; lemma B and the results of sections §3- §4 hold in the context of a cofibrantly generated monoidal ground model category.
To conclude this introduction, the careful reader has noticed that we neglect settheoretic issues in the definition of functor categories. In fact, we consider tacitely only continuous functors F : P Alg → dg Mod which preserve filtered colimits. Such functors are determined by their values on finitely generated P -algebras, which form an essentially small category. Therefore no actual problem occurs in the definition of F P .
§0. Framework and conventions
The purpose of this section is to fix the framework of our constructions and to give precisions on the dg-module and operad structures considered in this article.
Differential graded modules. First, we give precisions on the ground category of dg-modules. §0.1. Differential graded module structures. For our purpose we assume that a dgmodule consists of an F-module V equipped with a Z-graded splitting The generating cofibrations, respectively acyclic cofibrations, of dg Mod are the dg-module morphisms i d : In general we follow the classical conventions of model categories for which we refer to the modern monographs [12, 13] . For more details on the model category of dg-modules, we refer more specifically to [13] . Recall that a map which is both a weak-equivalence and a fibration, respectively a cofibration, is called an acyclic fibration, respectively an acyclic cofibration. §0. 3 . Tensor products and maps of dg-modules. The category of dg-modules is equipped with its classical tensor product whose symmetry isomorphism τ : V ⊗ W → W ⊗ V satisfies the usual sign convention. In general, we do not make explicit the sign which arises from a permutation of homogeneous tensors since this sign is determined by the rules of differential graded algebra.
Recall that the category of dg-modules is also equipped with internal hom objects Hom(V, W ) characterized by the adjunction relation Hom dg Mod (U ⊗ V, W ) = Hom dg Mod (U, Hom(V, W )).
Explicitly, the underlying F-module of Hom(V, W ) is spanned by homogeneous linear maps f : V → W , where a map is homogeneous of degree d if f (V * ) ⊂ W * +d , for all * ∈ Z; the differential of Hom(V, W ) is given by the classical formula δ(f ) = δ W f − ±f δ V , for f ∈ Hom(V, W ). According to this definition, a morphism of dg-modules f : V → W is equivalent to a 0-cycle of Hom(V, W ).
For functors F, G : C → dg Mod we let Hom X∈C (F (X), G(X)) denote the dgmodule formed by the end of the composite bifunctor X, Y → Hom(F (X), G(Y )). In a more explicit fashion, the dg-module Hom X∈C (F (X), G(X)) consists of collections of homogeneous maps θ X ∈ Hom(F (X), G(X)) that define a natural transformation in X ∈ C. §0. 4 . Twisted dg-modules. In classical constructions of differential graded algebra the natural internal differential of a dg-module V is twisted by a chain ∂ ∈ Hom(V, V ) in order to produce a new dg-module structure. Explicitly, let ∂ ∈ Hom(V, V ) be a chain of degree −1 that satisfies the differential equation δ(∂) + ∂ 2 = 0 in Hom(V, V ). Then the sum δ + ∂ : V → V forms a homogeneous map of degree −1 on the graded module V = * V * so that (δ + ∂) 2 = 0. Thus, in this situation, we have a new dg-module structure formed by the graded module V = * V * underlying V equipped with the differential δ + ∂ : V → V obtained by the addition of the chain ∂ ∈ Hom(V, V ) to the internal differential of V . By convention, we denote this dg-module simply by the pair (V, ∂) that specifies it.
Differential graded operads. As mentioned in the introduction, we consider symmetric operads in the category of dg-modules. We recall fundamental properties of the category of dg-operads in this subsection. We refer to [6, 16] for a detailed account of the theory.
In general we adopt the notation and conventions of our article [6] . In fact, we make only one exception for the free algebra over an operad P : we denote this object by P (V ) instead of S(P, V ). Actually, we use both notation: the notation P (V ) is more usual for a free P -algebra, but the notation S(P, V ) is more natural in the general context of functors associated to Σ * -modules. Therefore we keep the latter notation for the dg-module that underlies the free P -algebra and for the associated functor from dg-modules to dg-modules.
First, we recall the definition of a Σ * -module structure and the relationship between Σ * -modules and functors. §0.5. On Σ * -modules, functors and operads. Roughly, a Σ * -module M is the structure formed by the coefficient sequence of a generalized symmetric functor S(M ) : dg Mod → dg Mod. Precisely: a Σ * -module M consists of a sequence M (r), r ∈ N, where M (r) is a representation of the symmetric group in r letters Σ r ; the functor S(M ) : dg Mod → dg Mod associated to a Σ * -module M maps a dg-module V ∈ dg Mod to the dg-module
where we consider the coinvariants of the tensor products M (r) ⊗ V ⊗r under the action of the symmetric groups Σ r . The element of S(M, V ) represented by the tensor
The structure of an operad P is defined so that the functor S(P ) : dg Mod → dg Mod forms a monad on dg-modules. The structure of an algebra over an operad is equivalent to the structure of an algebra over the monad S(P ) associated to the operad and P (V ) = S(P, V ) represents the free P -algebra. §0.6. The category of Σ * -modules. The category of Σ * -modules Σ * Mod is obviously abelian. Observe also that the Σ * -modules F n defined by
, the regular representation, for r = n, 0, otherwise, are small, projective and generate Σ * Mod since we have the relation
for all M ∈ Σ * Mod. These free Σ * -modules F n are associated to the tensor power functors S(F n , V ) = V ⊗n . In general an object M ∈ Σ * Mod is projective in the category of Σ * -modules if and only if, for all r ∈ N, the module M (r) forms a projective representation of the symmetric group Σ r . By convention, an operad P is said to be Σ * -projective if the underlying collection P (r), r ∈ N, consists of projective objects in the category of Σ * -modules. §0.7. The model category of dg-Σ * -modules. According to a general statement of homotopical algebra the category of dg-objects associated to an abelian category equipped with a set of small projective generators forms a cofibrantly generated model category.
In particular, the category of dg-Σ * -modules dg Σ * Mod is equipped with a natural model structure so that a morphism f : M → N is a weak-equivalence if f induces an isomorphism in homology, respectively a fibration if f is epi. Equivalently, a morphism of dg-Σ * -modules f : M → N is a weak-equivalence, respectively a fibration, if the maps f : M (r) → N (r) are weak-equivalences, respectively fibrations, in the model category of dg-modules.
Observe also that the category of dg-Σ * -modules is enriched over the category of dg-modules: the dg-hom Hom Σ * (M, N ) is the dg-module spanned by the collections of homogeneous maps of dg-modules f : M (r) → N (r) that commute with the action of the symmetric groups. This dg-module satisfies an adjunction relation
where the tensor product A ⊗ M of a dg-Σ * -module M with a dg-module A is defined by the obvious formula
Generating (acyclic) cofibrations of the category of dg-Σ * -modules are given by tensor products i ⊗ F r : A ⊗ F r → B ⊗ F r of the generating projective Σ * -modules F r with the generating (acyclic) cofibrations i : A → B of the category of dg-modules. §0.8. The model category of operads and algebras. Recall that the category of dgoperads dg Op forms a semi-model category (see [1, 11, 19] ). Explicitly: a morphism f : P → Q is a weak-equivalence, respectively a fibration, if f defines a weak-equivalence, respectively a fibration, in the category of dg-Σ * -modules, or, equivalently, in the category of dg-modules; cofibrations are characterized by the left lifting property with respect to a acyclic fibrations. Roughly, all axioms of a model category are satisfied for dg-operads, including M4 and M5, as long as the source of the morphism f : P → Q that occurs in these properties (the left-hand side vertical morphism for M4) is assumed to be cofibrant. An operad P is said to be Σ * -cofibrant if the underlying collection P (r), r ∈ N, defines a cofibrant object in the model category of dg-Σ * -modules. An operad P which is cofibrant in the category of operads is automatically Σ * -cofibrant but the converse implication does not hold.
The category of dg-algebras associated to a Σ * -cofibrant operad P forms a semimodel category so that a morphism of P -algebras f : A → B is a weak-equivalence, respectively a fibration, if f defines a weak-equivalence, respectively a fibration, in the category of dg-modules (see loc. cit.). This semi-model category is cofibrantly generated: the generating (acyclic) cofibrations are the free algebra morphisms P (i) : P (C) → P (D) induced by generating (acyclic) cofibrations of dg-modules i : C → D. §1. Right modules over operads and associated functors
The purpose of this section is to define the functor S P (M ) : P Alg → dg Mod associated to a right module over an operad. In addition we check that classical operations on modules (namely extension and restriction of structure, tensor products) correspond to natural operations on functors.
The functor associated to a right module over an operad. For the sake of completeness, we recall first the definition of a right module over an operad. Then we define the functor S P (M ) : P Alg → dg Mod associated to a right Pmodule. The proof that the map M → S P (M ) defines a split category embedding S P : M P → F P is postponed to the next section where we define the adjoint functor of S P . §1.1. Recalls: composition of Σ * -modules and operads. To make the relationship between modules and functors more conceptual, we use the composition product of Σ * -modules, the associative and unital operation
that reflects the composition of functors on dg-modules. Precisely, the composite Σ * -module of Σ * -modules M, N ∈ M can be characterized by the relation
Recall simply that the unit of the composition product of Σ * -modules is defined by the Σ * -module
that corresponds to the identity functor on dg-modules. Thus we have a monoidal category (M, •, I) so that the map M → S(M ) defines a strictly monoidal functor
In fact, the notion of an operad can be defined abstractly as a monoid object in the monoidal category of Σ * -modules (M, •, I). Explicitly, one observes that the structure of an operad P is equivalent to an associative product µ : P • P → P together with a morphism η : I → P that forms a unit with respect to this product. In this light, the structure of the monad associated to P , attached to the functor S(P ), is defined precisely by the composition product
induced by µ and by the unit morphism Id = S(I)
induced by η. §1.2. Recalls: modules over operads. The structure of a right P -module consists of a Σ * -module M equipped with a morphism ρ : M • P → M that yields an associative and unitary action of the operad P on M . At the functor level, the morphism ρ : M • P → M induces a natural transformation
that yields an associative and unitary action of the monad S(P ) on the functor S(M ) associated to M . There is a symmetrically defined notion of a left P -module. We refer [6, §2.1.5-2.1.6] for detailed definitions of these structures.
Like an operad structure, the action of an operad P on a right P -module M can be defined explicitly by composition products
that satisfy natural equivariance properties, as well as associativity and unit relations with respect to the operad structure. The composite of an element x ∈ M (r) with operations p 1 ∈ P (n 1 ), . . . , p r ∈ P (n r ) is also denoted by x(p 1 , . . . , p r ) ∈ M (n 1 + · · · + n r ), like a composite of operad operations. We consider also partial composites x • i p ∈ M (r + s − 1) defined by the relation x • i p = x(1, . . . , p, . . . , 1), for x ∈ M (r) and p ∈ P (s).
A morphism of right P -modules f : M → N is a morphism of Σ * -modules that preserve operad actions. In general the category of right P -modules is denoted by Mod P , but, as stated in the introduction, we adopt the shorter notation M P = Mod P in this section. The category of left P -modules is denoted by P Mod. §1.3. The functor associated to a right module over an operad. The purpose of this paragraph is to define the functor S P (M ) : P Alg → dg Mod associated to a right P -module M . This construction is natural and is stated for instance in [18, §2.3 .10] in a general context. First, recall that the functor S(M ) : dg Mod → dg Mod associated to a right P -module M is equipped with a natural transformation
induced by the morphism ρ : M •P → M that defines the P -module structure of M . On the other hand, recall that a P -algebra structure is equivalent to a structure of algebra over the monad S(P ) associated to the operad P . Accordingly, the structure of a P -algebra A is determined by a morphism of dg-modules λ : S(P, A) → A. Therefore, for a P -algebra V = A, we have another natural morphism
induced by the morphism λ : S(P, A) → A. The dg-module S P (M, A) ∈ dg Mod associated to a P -algebra A ∈ P Alg by the functor S P (M ) : P Alg → dg Mod is defined by the coequalizer of these morphisms d 0 = S(ρ, A) and
In an explicit fashion, the dg-module S P (M, A) can be defined as the module spanned by tensors x(a 1 , . . . , a r ), where x ∈ M (r), a 1 , . . . , a r ∈ A, together with the coinvariant relations of S(M, A):
and relations
yielded by a coequalizer construction.
Clearly, the map A → S P (M, A) defines well a functor S P (M ) : P Alg → dg Mod, from the category of P -algebras to the category of dg-modules, and the map M → S P (M ) defines a functor S P : M P → F P , from the category of right P -modules to the category of functors F : P Alg → dg Mod. §1.4. Recall: relative composition products. Recall that a constant Σ * -module is a Σ * -module N such that N (r) = 0, for r > 0. Recall also that a P -algebra A is equivalent to a constant left P -module N such that N (0) = A (see [6, §2.1.6] ).
In general, for a right P -module M and a left P -module N , we have a relative composition product M • P N defined by a natural coequalizer diagram Categorical module operations and functors. In the next paragraphs we check that classical categorical operations on modules (for instance the extension and restriction of structure operations mentioned in the introduction paragraph of this section) correspond to natural operations on functors. Actually, the relationship supplied by observation §1.5 permits us to deduce categorical properties of the functor S P : M P → F P from classical properties of the relative composition product. §1.6. The case of free modules. More specifically, recall first that a composite Σ * -module M = L • P , where L ∈ dg Σ * Mod, is equipped with a natural right Pmodule structure induced by the operad composition product µ : P • P → P and represents the free object generated by L in the category of right P -modules. Equivalently, the map L → L • P defines a left adjoint to the forgetful functor U : Mod P → dg Σ * Mod.
Like the relative tensor product, the relative composition product satisfies the relation
for any free right P -module M = L • P ∈ Mod P , and for all N ∈ P Mod. For constant left modules, we deduce from this relation:
As a particular case, we obtain that the forgetful functor U : P Alg → dg Mod can be identified with the functor S P (P ) : P Alg → dg Mod associated to the operad M = P , which forms a right P -module over itself. Indeed we have a right P -module identity P = I • P , where I is the unit of the composition product of Σ * -modules. Hence we obtain S P (P, A) = S(I, A) = A since the unit Σ * -module I is associated to the identity functor on dg-modules. §1.8. The case of free algebras. Symmetrically, the composite Σ * -modules M = P • R, where R ∈ dg Σ * Mod, represent the free objects in the category of left P -modules and we have the relation
regarding to the relative composition product.
According to observations of §1.4 if the Σ * -module R is constant, then so is the composite M = P • R. Moreover, we have P • R(0) = P (V ), where R(0) = V . Therefore, for a constant Σ * -module R, the relation M • P (P • R) = M • R implies: §1.9. Proposition. Let M be any right P -module. For a free P -algebra A = P (V ), we have S P (M, P (V )) = S(M, V ). §1.10. Recall: extension and restriction functors. To push further the observations of §1.6- §1.9, recall that a morphism of dg-operads φ : P → Q yield adjoint functors of extension and restriction of structure on the associated category of algebras:
In fact, analogous functors
can be defined more naturally for right, respectively left, modules over operads (see [6, §2.1.8] ). Moreover, the extension and restriction of algebra structures are identified with the extension and restriction of constant left modules. Explicitly, the operad P operates on any right Q-module N through the morphism φ : P → Q and this defines the right P -module φ ! N associated to N . In the converse direction, the Q-module φ ! M associated to a right P -module M is defined by the relative composition product φ ! M = M • P Q as in classical algebra. The definitions are symmetrical for left modules. If N is a constant left Q-module so that N (0) = B for a Q-algebra B, then φ ! N is obviously constant as well and we have φ ! N (0) = φ ! B, the P -algebra associated to B by restriction of structure. In the converse direction, we observe that the relative composition product
, where M (0) = A. In fact, we have also φ ! M (0) = φ ! A, the Q-algebra associated to A by extension of structure.
For the unit operad P = I, we have I Alg = dg Mod and Mod I = I Mod = dg Σ * Mod. Therefore, in this case, we recover the adjunction, considered in §1.6- §1.9, between the forgetful and free object functors. Like the relative tensor product, the relative composition product satisfies the relations
for all M ∈ Mod P , N ∈ Q Mod, respectively M ∈ Mod Q, N ∈ P Mod. For constant left modules, these relations give: §1.11. Proposition. Let φ : P → Q be a morphism of dg-operads.
(1) For any right P -module M , we have a commutative diagram of functors
(2) For any right Q-module N , we have a commutative diagram of functors
t t t t t t t t dg Mod
.
As a particular case, we obtain that the composite of the extension functor φ ! : P Alg → Q Alg with the forgetful functor U : Q Alg → dg Mod is identified with the functor S P (Q) : Q Alg → dg Mod associated to the operad M = Q equipped with the right P -module structure supplied by the operad morphism φ : P → Q.
Tensor products. The functor category F P is equipped with a natural tensor product ⊗ : F P ⊗ F P → F P defined pointwise. Explicitly, for F, G : P Alg → dg Mod, we have (F ⊗ G)(A) = F (A) ⊗ G(A). The aim of the next paragraphs is to check that the category of right P -modules has a tensor product that reflects this operation on functors. §1.12. Recall: the tensor product of Σ * -modules. First of all, recall that the category of Σ * -modules is also endowed with a symmetric tensor product tensor product
To be more precise, the tensor product of Σ * -modules is unital, associative and symmetric like the tensor product of functors and we have a natural functor isomorphism S(M ⊗ N ) = S(M ) ⊗ S(N ) that preserve the unit, associativity and symmetry isomorphisms of tensor products. Recall simply that the unit of the tensor product is the Σ * -module
that corresponds to the constant functor S(1) = F. Observe also that the free Σ * -module F n introduced in §0.6 can be identified with the nth tensor power F n = I ⊗n of the composition product unit I. Indeed we have S(F n , V ) = V ⊗n = S(I ⊗n , V ). §1. 13 . The tensor product of right modules over an operad. In [4] , we observe that the tensor product M ⊗ N of right P -modules M, N is equipped with a natural P -module structure. In fact, we have a natural isomorphism (M ⊗ N ) • R ≃ M •R⊗N •R that corresponds to the natural isomorphism (F ⊗G)•S ≃ F •S ⊗G•S in the category of functors. Precisely, our natural isomorphisms fit together to a commutative hexagon
The right P -module structure of a tensor product M ⊗ N of right P -modules M, N is given by the composite
with the morphism induced by the right P -actions on M and N . According to this definition the category of right P -modules is provided with a symmetric monoidal category structure: the associativity and symmetry isomorphisms of the tensor product of Σ * -module define clearly morphisms of right Pmodules; furthermore, one checks immediately that the unit object of the tensor product forms a right P -module and defines a unit with respect to the tensor product of right P -modules.
The commutation formula S(M ⊗ N ) = S(M ) ⊗ S(N ) can be extended to the functor on P -algebras associated to a tensor product of right P -modules: §1.14. Proposition. For right P -modules M, N , we have a natural functor isomor-
The isomorphism S P (M ⊗ N ) = S P (M ) ⊗ S P (N ) preserves the unit, associativity and symmetry isomorphism of tensor products as well. These properties are inherited from the corresponding assertions on functors S(M ) associated to Σ * -modules.
Proof. Recall that a pair of parallel morphisms
are reflexive pairs of morphisms in the category of dg-modules, then the natural map
from the coequalizer of the tensor product
to the tensor product of the coequalizers
forms an isomorphism. One checks readily that the morphism
induced by the unit morphism of an operad η : I → P defines a natural reflection in the coequalizer
that defines the functor associated to a right P -module. Hence, for right P -modules M and N , the tensor product S P (M, A) ⊗ S P (N, A) can be identified with the coequalizer of the tensor product
On the other hand, we have an isomorphism of coequalizer diagrams
, yielded by the natural isomorphisms considered in §1.13, and this gives our isomor-
The adjunction between right modules and functors Introduction. Our next goal is to prove that the functor S P : M P → F P has a right adjoint C P : F P → M P so that:
and defines an isomorphism if M forms a projective Σ * -module or if the ground ring is an infinite field.
Actually, we deduce this lemma 2.A from corresponding assertions regarding the unit
Precisely, we give first an explicit definition of C P . Then we prove that the underlying Σ * -module of C P (G) can be identified with the Σ * -module C(G • P ) associated to the composite of G : P Alg → dg Mod with the free P -algebra functor V → P (V ) and we deduce our result from this relationship.
The construction of the adjoint functor from functors to modules. Recall (see [6, §1.2.4] ) that the Σ * -module C(G) associated to a functor G : dg Mod → dg Mod can be defined explicitly by the dg-module of natural transformations
is induced by the obvious evaluation morphism
Actually, this definition is forced by the existence of the small projective generators F r , for which we have S(F r , V ) = V ⊗r , and the relation C(G)(r) = Hom Σ * (F r , C(G)).
Clearly, these definitions can be generalized in the context of functors on an algebra category: we replace simply natural transformations in dg-modules by natural transformations in P -algebras -we use this idea to define explicitly the right P -module C P (G) associated to a functor G : P → dg Mod. §2.1. The right module associated to a functor. For a functor G : P Alg → dg Mod F , we set precisely:
First, observe that these dg-modules C P (G)(r) form a right P -module: the module C P (G)(r) is equipped with a canonical action of the symmetric groups Σ r given by tensor permutations on the source; the composite θ(p 1 , . . . , p r ) ∈ C P (G)(n 1 + · · · + n r ) of an element θ ∈ C P (G)(r) with operations p 1 ∈ P (n 1 ), . . . , p r ∈ P (n r ), is defined by the composite maps
where we consider the natural transformations p i : A ⊗ni → A defined by the operations p i ∈ P (n i ).
As in the context of functors on dg-modules, we have a natural augmentation morphism ǫ G : S P (C P (G)) → G induced by the obvious evaluation morphism
In the other direction, for a right P -module M , we have a natural unit morphism
of the augmentation and unit morphisms of an adjunction relation.
And, as a corollary: §2.3. Proposition. The functors S P : M P → F P and C P : F P → M P satisfy the adjunction relation
for all M ∈ M P and G ∈ F P .
The adjunction unit. As mentioned in the introduction paragraph of this section, our plan is to deduce lemma 2.A from an analogous statement regarding the adjunction S : M ⇄ F : C between Σ * -modules and functors. For this aim we observe first that the underlying Σ * -module of the right P -module C P (G) associated to a functor G : P Alg → dg Mod can be identified with the Σ * -module C(G • P ) associated to the composite of G with the free P -algebra functor V → P (V ). Explicitly, we prove the following lemma: §2.4. Lemma. For any operad P , we have a natural isomorphism
which maps a homogeneous natural transformation θ A : A ⊗r → G(A) to the composite of the natural transformation on free P -algebras
with the tensor power η
be the morphism specified in the lemma. We define a map
such that ΦΨ = Id and ΨΦ = Id. Let ω denote a homogeneous natural transformation
for A a P -algebra, is defined by the composite
where λ A : P (A) → A is the natural morphism given by the P -action on A.
For a free P -algebra A = P (V ), we have λ P (V ) = µ V , the composition product of the operad P , and we obtain a commutative diagram
from which we deduce the identity ΦΨ(
from which we deduce the identity ΨΦ(θ) A = θ A . Hence, we have ΨΦ = Id and ΦΨ = Id and this proves our lemma.
Recall that, for the functor S P (M ) : P Alg → dg Mod associated to a right P -module, we have a natural isomorphism S P (M, P (V )) = S(M, V ) (see proposition §1.9). Hence, we obtain: §2.5. Fact. For any right P -module M , we have a natural isomorphism of Σ * -modules
In fact, we obtain a more precise statement. Namely: §2.6. Observation. The units of the adjunctions
Proof. The commutativity of this diagram is proved by a direct and straightforward inspection. In fact, for an element x ∈ M (r), the natural transformation in dg-
The composite formed on the upper row is the natural transformation in P -algebras η M (x) : A ⊗r → S P (M, A) for the free P -algebra A = P (V ). Hence this composite determines the element of C P (S P (M )) associated to x. The composite of this natural transformation with the left-hand side vertical arrow gives the image of this element under the isomorphism
The isomorphism of proposition §1.9 is yielded by the right-hand side diagonal composite. Thus: the longer edge of the diagram gives the image of η M (x) ∈ C P (S P (M )) under the isomorphism C P (S P (M )) ≃ C(S(M )); the commutativity of the diagram implies that this element agrees with the natural transformation in dg-modules η M (x) :
Retraction and unit isomorphism properties. The purpose of the remainder of this section is to prove the assertions of lemma 2.A. Observation §2.6 permits us to deduce this result from corresponding properties of the adjunction unit η M : M → C(S(M )). First, we have the following statement:
From which we deduce: §2.8. Claim (First part of lemma 2.A). For a right P -module M , the adjunction unit
To make this left inverse explicit, observe that the dg-module S(M, F r ) associated to the F-module V = F r admits a canonical weight splitting of the form
Explicitly, the component of weight (n 1 , . . . , n r ) of S(M, F r ) is spanned by tensors
x(e 1 , . . . , e 1 , . . . , e r , . . . , e r ) ∈ S(M, F r ) with n i factors e i , where (e 1 , . . . , e r ) denotes the canonical basis of
be the map defined by the projection onto the component of weight
. To obtain the element ǫ M (θ) ∈ M (r) associated to a natural transformation θ ∈ C P (S P (M ))(r), we have first to form the composite
that represents the natural transformation associated to θ under the isomorphism
In claim §2.8, we do not specify the category of the retraction morphism ǫ M : C P (S P (M )) → M . Indeed fact §2.7 implies only that this morphism belong to the category of Σ * -modules. For the sake of precision, we check: §2.9. Claim. For a right P -module M , the composite of the isomorphism of observation §2.6
with the retraction of fact §2.7
Thus the right P -module M is naturally a retract of C P (S P (M )) in the category of right P -modules.
Proof. By definition (see §2.1), the composite of a natural transformation θ : A ⊗r → S P (M, A) with operations p 1 ∈ P (n 1 ), . . . , p r ∈ P (n r ) is represented by the composite transformation
be the P -algebra morphism defined on generators by φ(e i ) = p i (e i ) where e i denotes the obvious groupings of consecutive basis elements of F n . The image of the tensor
is represented by the tensor product p 1 (e 1 ) ⊗ · · · ⊗ p r (e r ) ∈ P (F n ) ⊗r and can be identified with the image of the tensor e 1 ⊗ · · · ⊗ e r ∈ (F r ) ⊗r under the map
On the other hand, we have a commutative diagram
, where the dotted arrow maps an element x ∈ M (r) to the composite x(p 1 , . . . , p r ) ∈ M (n). Indeed the left-hand square commutes by functoriality of θ. Regarding the right-hand square, observe simply that the image of an element x(e i1 , . . . , e im ) ∈ S(M, F r ) under the map
is represented by the element
in S(M, F n ). The image of the tensor e 1 ⊗ · · · ⊗ e n = e 1 ⊗ · · · ⊗ e r ∈ (F n ) ⊗n under the composite formed on the upper row represents the element of M (n) associated to the composite transformation θ(p 1 , . . . , p r ). The image of e 1 ⊗ · · · ⊗ e r ∈ (F r ) ⊗r under the composite formed on the lower row represents the element of M (r) associated to the transformation θ. Therefore the commutativity of the diagram gives the relation
and this proves that ǫ M : C P (S P (M )) → M defines a morphism of right P -modules.
Finally, recall that:
module or if the ground ring is an infinite field.
The case of an infinite ground field is stated explicitly in [6, Proposition 1.2.5]. On the other hand, one can check directly easily that η M : M → C(S(M )) forms an isomorphism in the case of a free Σ * -module M = F n , this implies that η M : M → C(S(M )) forms an isomorphism for all projective Σ * -modules.
As a corollary, for the adjunction S P : M P ⇄ F P : C P , we obtain: §2.11. Claim (Second part of lemma 2.A). For a right P -module M , the adjunction unit
This claim achieves the verification of lemma 2.A (lemma A of the article). §2.12. Remark: natural transformations associated to operad elements. Recall that the forgetful functor U : P Alg → dg Mod is given by the functor S P (P ) : P Alg → dg Mod associated to the operad M = P , which forms a free right P -module (see proposition §1.7). In this case, the adjunction unit η P : P → C P (Id) can be identified with the natural morphism
which maps an operad element p ∈ P (n) to the associated actual operation p : A ⊗r → A in the category of P -algebras. Lemma 2.A implies that this map is a bijection if the operad P is Σ * -projective or if the ground ring is an infinite field, and a split injection otherwise.
Further remarks: strictly polynomial functors. To obtain a closer relationship between module and functors, we could introduce functors F : P Alg → dg Mod equipped with a polynomial structure. In this setting, the assertion of claim §2.11 holds without assumption. Though we do not use this observation, we give the definition of this new functor category as a remark.
The idea is to generalize the notion of a strictly polynomial functor introduced in [7] and to extend an observation given in [6, §1.2.6] for functors on F-modules. In the context of functors on dg-modules, we form the category Γ r (dg Mod) whose objects are dg-modules and morphism sets are modules of invariant tensors
where Γ(X) = (X ⊗r ) ⊗r . The composition of morphisms in Γ r (dg Mod) is given by the composite of the natural map
for X = Hom dg Mod (V, W ) and Y = Hom dg Mod (U, V ), with the morphism
induced by the composition of morphisms in the category of dg-modules. The strictly polynomial functors of degree r are the functors on this category:
The divided power γ r (x) = x ⊗r yields a functor γ r : dg Mod → Γ r (dg Mod) so that a strictly polynomial functor gives rise to an actual functor on the category of dg-modules.
The strictly polynomial functors form a category P r in which the morphisms are the natural transformations θ : F → G that commute with all morphisms of Γ r (dg Mod). Let P = ∞ r=0 P r be the category whose objects are collections of strictly polynomial functors F r ∈ P r . Equivalently, an object of P can be identified with a functor F : dg Mod → dg Mod equipped with a splitting F = ∞ r=0 F r where F r is a strictly polynomial functor, a morphism of P is a natural transformation θ : F → G induced by a collection of morphisms θ r : F r → G r in P r . According to these definitions we have a forgetful functor U : P → F which is injective on morphism sets.
One observes readily that the functor S(M ) : dg Mod → dg Mod associated to a dg-Σ * -module forms naturally an object of P so that our functor S : M → F admits a factorization
One observes precisely that the functor S : M → P has a right adjoint C : P → M so that the claim of fact §2.10 is satisfied without hypothesis. Explicitly: the adjunction unit
The dg-Σ * -module C(G) associated to a functor G ∈ P is defined simply by the dg-modules C(G)(r) = Hom P (Id ⊗r , G r ) formed by the homogeneous natural transformations θ r : V ⊗r → G r (V ) that commute with the morphisms of Γ r (dg Mod).
For an operad P , we consider the category P P formed by functors F : P Alg → dg Mod whose composite with the free P -algebra functor V → P (V ) is given by a functor in P. The morphisms of P P are the natural transformations θ : F → G so that the natural transformations in dg-modules
are yielded by morphisms of P. The functor S P (M ) : P Alg → dg Mod associated to a right P -module M belongs to this category since, by proposition §1.9, we have S P (M, P (V )) = S(M, V ). Accordingly, our functor S P : M P → F P admits a factorization
and one can observe that the restricted functor S P : M P → P P admits also a right adjoint C P : P P → M P so that C P (G) = C(G • P ) as in the context of the functor category F P . In this framework, we obtain that the adjunction unit
is an isomorphism for all M ∈ M P since this assertion holds for the unit of the adjunction S : M ⇄ P : C. §3. On the model category of right modules over an operad
Introduction. The results proved in the previous sections imply that the category of right modules over an operad P is isomorphic to a retract of the category of functors F : P Alg → dg Mod. Our next aim is to prove that right P -module structures give convenient models for the homotopy of associated functors.
Formally, we check first, in this section, that the category of right P -modules is equipped with a natural model structure. This model structure is obtained by transfer from the category of dg-Σ * -modules. Explicitly: a morphism f : M → N is a weak-equivalence, respectively a fibration, of right P -modules if f defines a weak-equivalence, respectively a fibration, in the category of dg-Σ * -modules. The obtained model category is cofibrantly generated by construction. In addition we observe that it is proper ( §3.6) like classical module categories, as well as monoidal ( §3.7- §3.8) and enriched over dg-modules ( §3.9- §3.10).
Thus, to recapitulate, we prove the following proposition: As usual in a cofibrantly generated model category, we have a natural notion of a cell complex in the category of right P -modules and cofibrations can be obtained as retracts of relative cell complexes. For the sake of completeness, we give the explicit definition of a cell complex in the category of right P -modules in this section.
In §1.10, we recall that an operad morphism φ : P → Q gives rise to adjoint extension and restriction functors
In this section, we check also the following expected proposition: 
Thus the extension and restriction functors induce adjoint derived functors
Lφ ! : Ho Mod P ⇄ Ho Mod Q : Rφ ! that define adjoint equivalences of homotopy categories if φ : P → Q is weakequivalence of operads. As mentioned in the article introduction, the results of this section hold in the context of monoidal model categories and not only in the category of dg-modules. To be precise, proposition 3.A holds for a cofibrantly generated symmetric monoidal ground model category, only assumed to be proper to have a proper category of right P -modules; proposition 3.B holds also in the context of a cofibrantly generated symmetric monoidal model category. Notice that a different model structure is defined in [18, §3.3.8] for right modules over operads in a simplicial ground model category.
In the next sections we study the homotopy of functors associated to right Pmodules and we prove the homotopy invariance properties announced in the article introduction. In particular we obtain that the category embedding S P : M P → F P induces a derived functor on homotopy categories.
The monoidal model structure. First we check the categorical structures of the category of right modules over an operad P and then we define its model category structure. §3.1. The category of right P -modules. To begin with, observe that the category of right modules associated to a dg-operad P forms an additive category (unlike the category of left modules). Indeed, as the composition product of Σ * -modules is additive on the left, a direct sum α M α of right P -modules M α inherits a right Paction so that α M α represents the sum of the objects M α in the category of right P -modules. Similarly, we obtain that the forgetful functor U : Mod P → dg Σ * Mod create cokernels in the category of right P -modules since the composition product of Σ * -modules preserve cokernels on the left.
The forgetful functor creates also limits in the category of right P -modules, but this assertion is less surprising (and holds also for left P -modules) since we observe in §1.6 that the forgetful functor has a left adjoint
The category of right P -modules is enriched over the category of dg-modules, like the category of dg-Σ * -modules: consider simply the dg-module Hom P (M, N ) formed by collections of homogeneous maps f : M (n) → N (n) that commute with the action of the symmetric groups and with the operad action. Observe also that the tensor product A ⊗ M of a dg-module A with a right P -module M is endowed with an obvious right P -module structure so that we have an adjunction relation Hom Mod P (A ⊗ M, N ) = Hom dg Mod (A, Hom P (M, N )). §3.2. The model structure of the category of right P -modules. In the previous paragraph, we observe that the category of right modules over an operad P has all small limits and colimits and hence satisfy the axiom M1 of a model category. The next paragraphs are devoted to the proof of the other axioms M2-5 for the class of cofibrations, fibrations and weak-equivalences specified in the introduction of this section. In fact, our model structure is obtained by a classical and general process. Precisely we use the adjunction F : dg Σ * Mod ⇄ Mod P : U to transfer the model structure of the category of dg-Σ * -modules to the category of right P -modules.
First, we define a morphism of right P -modules to be a weak-equivalence, respectively a fibration, precisely if its image under the forgetful functor U : Mod P → dg Σ * Mod is a weak-equivalence, respectively a fibration, in the category of dg-Σ * -modules. Recall that cofibrations are characterized by the left lifting property with respect to acyclic fibrations as usual. Then, to prove the axioms M2-5 of a model category, we need to introduce a set of generating (acyclic) cofibrations in the category of right P -modules. For this purpose we consider the image of the generating (acyclic) cofibrations of the category of dg-Σ * -modules under the free object functor F : dg Σ * Mod → Mod P .
These definitions make sense for all adjunctions F : C → D, where C is a cofibrantly generated model category, but do not always produce an actual model structure on D. In our situation, to ensure this result, we need essentially to check: §3.3. Claim. The morphism of free objects i • P : K • P → L • P induced by a generating acyclic cofibration of dg-Σ * -modules is a weak-equivalence.
Proof. Recall that: the generating acyclic cofibrations of the category of dg-Σ * -modules are tensor products i ⊗ F r : A ⊗ F r → B ⊗ F r , where i : A → B is a generating acyclic cofibration in the category of dg-modules; the generating acyclic cofibrations in the category of dg-modules have the form i : 0 → D, where D is an acyclic dg-module whose components consists of free F-modules.
In general, for a tensor product A ⊗ L, where A ∈ dg Mod and L ∈ dg Σ * Mod, we have (A ⊗ L) • P = A ⊗ (L • P ), the tensor product of A with the free right P -module L • P . If D is an acyclic dg-module whose components consists of free F-modules, then the tensor product D ⊗ (F r • P ) consists of a collection of acyclic dg-modules and hence forms an acyclic right P -module. The claim follows.
In fact, in our situation, since the forgetful functor U : Mod P → dg Σ * Mod creates every small colimit, the general transfer principle (see [3] ) implies precisely that the assertion of claim §3.3 suffices to obtain: §3. 4 
where i : C → D is a generating (acyclic) cofibration in the category of dg-modules and F r is the free Σ * -module specified in paragraph §0.6. §3.6. Claim. The model category of right P -modules is proper.
Proof. This property is inherited from the category of dg-modules since the composite forgetful functors Mod P → dg Σ * Mod → dg Mod N from right P -modules to collections of dg-modules create colimits, limits, weakequivalences and preserve cofibrations and fibrations.
In §1.13, we recall that the category of right P -modules is equipped with a symmetric tensor product ⊗ : Mod P ×Mod P → Mod P inherited from the category of Σ * -modules. One can check readily that this tensor product preserves colimits of right P -modules. As a byproduct, the category of right P -modules is closed monoidal. In [4] , we give also an explicit construction of an internal hom-object in the category of right P -modules, but we do not use this structure explicitly.
The next statements, claim §3.7 and claim §3.8, assert that (Mod P, ⊗, 1) forms a monoidal model category (see [13, §4] Recall that the free Σ * -modules F r satisfy F r = I ⊗r and F r ⊗ F s = F r+s . Therefore we obtain
and we have a pushout
Thus, to prove our claim, we check the class of the map
induced by generating (acyclic) cofibrations i : A → B and j : C → D of the category of dg-modules. Finally, the assertion of the claim is inherited from the category of dg-modules. §3.8. Claim. The unit right P -module 1 is a cofibrant right P -module.
Proof. This assertion is immediate from the explicit definition (see §1.12) of the unit object 1.
In §3.1, we observe that the category of right P -modules is enriched over the category of dg-modules. The purpose of the next statements is to check that Mod P forms an enriched model category in some natural sense. Explicitly we observe that an analogue of the classical axiom SM7 of simplicial model categories holds for the morphism dg-modules of Mod P . First we prove: §3.9. Claim. The natural morphism
induced by a cofibration of dg-modules i : A B and a cofibration of right Pmodules f : M N defines a cofibration in the category right P -modules, and an acyclic cofibration if i or f is also an acyclic cofibration.
Proof. In fact the tensor product of a right P -module N with a dg-module A can be identified with the tensor product of N with the constant right P -module M such that M (0) = A. Therefore claim §3.9 is a corollary of claim §3.7.
Then, by adjunction, this property is equivalent to: §3.10. Claim. The morphism of dg-modules
induced by a cofibration f : M N and a fibration g : P ։ Q in the category of right P -modules forms a fibration, and an acyclic fibration if f is also an acyclic cofibration or i is also an acyclic fibration.
This statements gives the dg-analogue of axiom SM7.
This claim achieves the verification of the assertions of proposition 3.A.
Cellular morphisms of right P -modules. The aim of the next paragraphs is to give explicit characterizations of cofibrant morphisms in the category of right P -modules. In fact, we use an explicit definition only in an easy particular case in [B1] but we prefer to give it for the sake of completeness. §3.11. Recalls: generating cofibrations. First, recall that the model category of right P -modules is cofibrantly generated by construction for a set of generating (acyclic) cofibrations formed by morphisms of free right P -modules i • P : K • P → L • P induced by generating (acyclic) cofibrations of dg-Σ * -modules. In observation §3.5, we observe that these morphisms have the form of tensor products
where i : A → B are generating (acyclic) cofibrations of dg-modules. §3.12. Cellular morphisms. In the context of a cofibrantly generated model category, any (acyclic) cofibration is a retract of a relative cell complex, where cells are supplied by (acyclic) generating cofibrations. For our purposes we recall simply the definition of a relative cell complex in the category of right P -modules.
By definition, a morphism of right P -modules f : M → N forms a relative cell
if it can be decomposed into a sequential colimit
so that the morphisms j n : N n−1 → N n are obtained by pushouts
in which the right-hand side vertical morphisms are direct sums of (acyclic) generating cofibrations
Note that the sequential colimit of a cell decomposition can be assumed to run over non-negative integers N as long as dg-modules form our ground category. This characterization is sufficient for our purposes. On the other hand, in the context of dg-modules, we can deduce from this construction a more natural characterization of cofibrations. Namely: §3. 13 
. Proposition. A morphism of right P -modules f : M → N is a cofibration if and only if it decomposes into a colimit
equipped with a trivial differential.
In the case of non-negatively graded objects, we can consider the degreewise filtration of M . In this context, the proposition extends a classical assertion, regarding dg-modules over a ring, for which we refer to [13, §2.3] .
Proof. Recall that the generating cofibrations of dg-modules have the form
In this context, the pushouts N n that occur in the cell attachment process can be identified with twisted direct sums
We have also
where L n is the free graded module
Clearly, such a twisted direct sum N n = (N n−1 ⊕ L n • P, ∂) is equivalent to a short exact sequence of right P -modules of the form N n−1 N n ։ L n •P . Therefore we obtain that cofibrations supplied by relative cell complexes have the form specified in the proposition. To go further, one can take the image of these short exact sequences under a retraction N ′ → N → N ′ to obtain that all cofibrations f ′ : M ′ → N ′ have the form specified in the proposition. This proves the "only if" part of the claim.
Conversely one checks readily that the morphisms j n : N n−1 N n of the form specified in the proposition are cofibrations. The "if" part of the claim follows.
Derived extension and restriction functors. In the remainder of this section, we check the derived functor constructions announced by proposition 3.B.
Let φ : P → Q be an operad morphism. Recall that the restriction functor φ ! : Mod Q → Mod P is given by φ ! (N ) = N if we forget operad actions. Since the forgetful functor creates fibrations and acyclic fibrations in the category of right modules over an operad, we have: §3.14. Fact. The restriction functor φ ! : Mod Q → Mod P preserves fibrations and acyclic fibrations.
Therefore we obtain immediately: §3.15. Claim (First assertion of proposition 3.B). The adjoint extension and restriction functors φ ! : Mod P ⇄ Mod Q : φ ! associated to an operad morphism φ : P → Q define Quillen adjoint functors.
Finally we check that these functors define adjoint Quillen equivalences if φ : P → Q is a weak-equivalence of dg-operads. The ideas involved in this verification are classical. First, we have: §3.16. Claim. If φ : P → Q is a weak-equivalence of dg-operads which are cofibrant in the category of dg-modules, then, for any cofibrant right P -module M , the adjunction unit
Proof. We can assume that M is equipped with a cell structure since any cofibration is a retract of a relative cell complex. In turn, we can reduce the claim to the case of a right P -module of the form
where C is a cofibrant dg-module -observe simply that cell complexes in the category of right P -modules form cofibrant objects in the ground model category of dg-modules; as a consequence, a weak-equivalence between right P -modules of the form above induce a weak-equivalence after a cell attachment.
For right P -modules of the form M = C ⊗ F r • P , we obtain
and the adjunction unit η M : M → φ ! φ ! (M ) can be identified with the morphism
induced by φ. This morphism forms clearly a weak-equivalence of dg-modules under the cofibrancy assumption of the claim.
Again, as the restriction functor φ ! : Mod Q → Mod P is given by the forgetful functor and as the forgetful functor creates weak-equivalences in the category of right modules over an operad, we have: §3.17. Fact. The restriction functor φ ! : Mod Q → Mod P creates weak-equivalences.
From this assertion, we deduce: §3.18. Claim. Let φ : P → Q be a weak-equivalence of dg-operads which are cofibrant in the category of dg-modules. Let N be any right Q-module. Pick M a cofibrant replacement of φ ! N in the category of right P -modules. The composite
Proof. This claim is a general consequence of claim §3.16 and fact §3.17. In the commutative diagram
the left-hand side vertical morphism is a weak-equivalence by claim §3.16 and the right-hand side composite is the identity by adjunction. Then, by the two out of three axiom, we obtain that the image of the composite
under the restriction functor φ ! forms a weak-equivalence. Therefore, by fact §3.17, this morphisms forms a weak-equivalence itself. In applications of [B1] we can only assume that M and N are cofibrant in the category of dg-Σ * -modules, as stated in lemma B, but we check also the natural case of cofibrant right P -modules for the sake of completeness. In this situation, we can drop the algebra cofibrancy assumption of lemma B. Precisely, we obtain: Proposition 4.A. The morphism
induced by a weak-equivalence of cofibrant right P -modules f : M ∼ − → N is a weakequivalence for all P -algebras A ∈ P Alg which are cofibrant in the category of dg-modules.
As a consequence we obtain that the category embedding S P : M P → F P admits a left derived functor LS P : Ho M P → Ho F P as announced in the article introduction. Recall that we define the homotopy category of functors Ho F P simply by formally inverting pointwise weak-equivalences. Note that we do not specify a model structure on F P and we do not prove that the functor S P : M P → F P sits in a Quillen adjunction. In fact, it is not clear that the functor category F P can be equipped with a natural model structure so that S P : M P ⇄ F P : C P defines a Quillen pair of adjoint functors. To obtain such a result, we could replace F P by the category P P introduced in the final remark of §2.
The purpose of this section is to prove proposition 4.A. The case of Σ * -cofibrant right P -modules, lemma B, is postponed to the next section.
Homotopy invariance of functors. Actually, we deduce proposition 4.A from a Quillen adjunction, but not at the functor level: as we consider pointwise weakequivalences of functors, we can simply fix a P -algebra A; hence we obtain a functor M → S P (M, A), to the category of dg-modules, to which we can apply the classical arguments.
To begin with, we observe simply that this functor M → S P (M, A) admits a right adjoint. §4.1. Endomorphism modules. Recall that the endomorphism operad of a dg-module V , defined explicitly by the morphism dg-modules End V (r) = Hom(V ⊗r , V ), is the universal operad acting on V . Equivalently, the structure of a P -algebra A is determined by an operad morphism ∇ : P → End A , where End A is the endomorphism operad of A.
Observe that the collection of morphism dg-modules End A,B (r) = Hom(A ⊗r , B), where A, B are given dg-modules, forms a right module over the endomorphism operad End A . Accordingly, if A is a P -algebra, then End A,B forms a right Pmodule by restriction of structure.
We obtain: §4.2. Claim. For a fixed P -algebra A ∈ P Alg, the functors M → S P (M, A) and B → End A,B satisfy an adjunction relation End A,B ) . Hence, since the (acyclic) fibrations in the category of right P -modules are created by the forgetful functors
we obtain: §4. 4 
. Fact. If the P -algebra A forms a cofibrant object in the category of F-modules, then the functor B → End A,B maps fibrations, respectively acyclic fibrations, of dgmodules to fibrations, respectively acyclic fibrations, of right P -modules.
Consequently: §4.5. Claim. For a fixed P -algebra A ∈ P Alg which forms a cofibrant object in the category of F-modules, the functors M → S P (M, A) and C → End A,C define a pair of Quillen adjoint functors.
Therefore we obtain finally: §4.6. Claim (Proposition 4.A). The morphism S P (f, A) : S P (M, A) → S P (N, A) induced by a weak-equivalence of cofibrant right P -modules f : M ∼ − → N forms a weak-equivalence of dg-modules for all P -algebras A ∈ P Alg which are cofibrant in the category of dg-modules. §5. The homotopy of functors associated to right modules Introduction and plan. This section is devoted to the proof of lemma B, the pointwise homotopy invariance of the functor M → S P (M, A) under weak-equivalences of Σ * -cofibrant right P -modules. Precisely, the aim of this section is to prove the following assertion:
Lemma 5.A (Lemma B). Suppose that P is a Σ * -cofibrant operad so that the category of P -algebras is equipped with a semi-model structure. The morphism
− → N forms a weak-equivalence of dg-modules if A is a cofibrant P -algebra.
Observe that the homotopy invariance result [1, proposition §5.7] occurs as a special case of this lemma. Namely, in [1] , the authors prove that, for φ : P → Q a weak-equivalence of Σ * -cofibrant operads, the adjunction unit η A : A → φ ! φ ! A defines a weak-equivalence if A is a cofibrant P -algebra. According to §1 (see more specifically observations below propositions §1.7 and §1.11) this morphism can be identified with the dg-module morphism S P (φ, A) : S P (P, A) → S P (Q, A) induced by φ : P → Q. Hence lemma 5.A asserts that this morphism forms a weak-equivalence in the situation of [1, proposition §5.7] .
The difficulty is that the functor A → S P (M, A) does not preserve colimits. Therefore one can hardly use classical adjunction techniques to prove lemma 5.A. The idea is to prove an extension of this homotopy invariance property. Namely recall that we have an operad U P (A), the enveloping operad of A, associated to any P -algebra A, so that the category of U P (A)-algebras is isomorphic to the category of P -algebras under A. For the moment, recall simply that the enveloping operad U P (A) is endowed with a natural morphism η : P → U P (A) so that the forgetful functor U : A/P Alg → P Alg corresponds to the restriction functor η ! : U P (A) Alg → P Alg. The dg-module S P (M, A) can be identified with the 0-component
Hence we obtain lemma 5.A as a corollary of the following statement:
weak-equivalence of dg-modules if A is a cofibrant P -algebra.
The authors of [1] use also the enveloping operad in the special case of the morphism S(φ, A) : S P (P, A) → S P (Q, A) induced by a weak-equivalence of Σ * -cofibrant operads φ : P → Q. Precisely, the authors of [1] prove rather that φ yields a weak-equivalence of enveloping operads U P (A)
A similar idea is used in [15] to prove that the augmentation of the categorical bar construction in the category of P -algebras induces a weak-equivalence of dgmodules N * (B∨A ∨ * ∨C) ∼ − → B A C, where N * (B∨A ∨ * ∨C) is the normalized chain complex of this simplicial construction. The same difficulty arises in this issue and the author of [15] proves rather that the augmentation yields a weak-equivalence
for the categorical bar construction in the category of operads.
Since the category of P -algebras is cofibrantly generated, any cofibrant P -algebra is a retract of a cell P -algebra. The idea is to prove lemma 5.B by induction on a cell decomposition. The authors of [1, 15] use the same idea but a different induction process.
Our arguments are stated in the dg-framework but can easily be extended to a more general context. Precisely we obtain that lemma 5.B holds for a cofibrantly generated monoidal ground model category and not only for the category of dgmodules. In comparison with the proof [1], we do not use any properness axiom and we do not need to assume that the ground model category is proper to obtain our result.
Let us distinguish the properties that we prove by induction:
Definition 5.C. We say that an operad morphism φ : P → Q is Σ * -relatively flat if the following property holds: if f : M → N is a morphism of right P -modules that defines a cofibration, respectively an acyclic cofibration, in the category of dg-Σ * -modules, then so does the morphism
For an operad P , we say also that a morphism of right P -modules f : M → N is a Σ * -cofibration, respectively an acyclic Σ * -cofibration, if f defines a cofibration, respectively an acyclic cofibration, in the category of dg-Σ * -modules.
We prove precisely that the natural morphism η : P → U P (A) is Σ * -relatively flat if A is a cofibrant P -algebra. Then we deduce lemma 5.B from the classical Brown lemma.
First we check that relative flatness is preserved under categorical operations involved in cell complex constructions. Then we recall the definition of the enveloping operad; we observe that the cell decomposition of a P -algebra A yields a cell decomposition on the associated enveloping operad U P (A) and lemmas 5.A-5.B follow.
By an abuse of notation, we omit forgetful functors and restriction functors φ ! in the expression of our constructions. §5.1. First step: shifted operads. To begin with we address the case of a shifted operad P [C], that represents the enveloping operad of a free P -algebra P (C). For the moment, we recall simply an explicit definition of
where the symmetric group Σ n operates on the n last entries of M (r + n). The dg-module M [C](r) is equipped with an action of the symmetric group Σ r since we can assume that Σ r operates on the r first entries of M (r + n). Consequently, the sequence M [C](r), r ∈ N, defines a Σ * -module. Note that we have a canonical Σ * -module morphism η :
is equipped with a natural operad structure inherited from P . Furthermore, in the context of an operad, the canonical embedding η : P → P [C] defines an operad morphism. Accordingly, the shifted object P [C] forms canonically an operad under P .
Observe that we have also a canonical dg-module morphism
induced by the operad unit η : I → P . In fact, the shifted operad P [C] is the universal operad under P equipped with such a dg-module morphism η C :
.6]). The shifted operad P [C] is characterized by the adjunction relation
To check this assertion, observe simply that the elements of P [C](r) can be identified with formal composites p (1, . . . , 1, c 1 , . . . , c n ) where p ∈ P (r + n), n ≥ 0, and c 1 , . . . , c n ∈ C.
For right modules, this observation yields the following structure result: §5.1.4. Observation. The structure of a right P [C]-module consists of a right Pmodule M equipped with a dg-module morphism ρ :
Our goal is to prove that the operad morphism
induced by a dg-module cofibration i : C → D is Σ * -relatively flat. The main trick is to determine the structure of the
into a colimit of cell attachments.
For this aim, we record first the following straightforward observations: §5.1.5. Observation.
that yields a coequalizer isomorphism
Let C, D be any pair of dg-modules. For a dg-Σ * -module, we have clearly
. For operads and right modules over operads, we obtain: §5.1.7. Observation. For an operad P , the identity
According to these observations the module
can be identified with a coequalizer of the form:
Explicitly: -the morphism d 0 is given by the composite
where ρ : M [C] → M is determined by the right P [C]-action on M ; -the morphism d 1 is given by the morphism
induced by the dg-module morphism i : C → D and the identity id : D → D.
Clearly, for a dg-module D, the canonical morphism η :
where
One checks readily that the morphisms
preserve this canonical filtration of shifted modules. Accordingly, we obtain: §5.1.8. Observation. The parallel pairs
can be identified with a sequential colimit of subdiagrams of the form
And, by interchange of colimits, we obtain: §5.1.9. Fact. The canonical morphism
decomposes into a colimit
The idea is to prove the assertions of a Σ * -relatively flat extension for the morphisms η
n ! (M ) that sit in this colimit decomposition. For this aim, we give another determination of
formed by the n-fold tensor products
with at least one factor C; -the left-hand side vertical map
is given by the morphisms
Proof. By definition, the morphism η
Moreover, we have
As both morphisms
n are the identity on the summand
⊗n , we can remove this summand from our coequalizer construction. Thus we consider a coequalizer diagram of the form
In the definition of S 1 , we consider precisely the n-fold tensor products D ⊗ · · · ⊗ C ⊗ · · · ⊗ C ⊗ · · · ⊗ D with at least one factor C.
Observe that the restrictions of
n to the summand S 1 have only components d 0 : S 1 → X 0 and d 1 : S 1 → S 0 . Explicitly: -the morphism d 0 : S 1 → X 0 is given by the composites
that occur in the statement of our claim; -the morphism d 1 : S 1 → S 0 is induced by the tensor products
factorize through the colimit
Finally it is straightforward to check that a morphism g : B → T is equivalent to a pair (f : A → T, u : S 0 → T ) so that the diagram
commutes. Hence we obtain that B = P [i]
n ! M fits a pushout construction as claimed.
We are now in position to prove the expected claim, namely: the morphism of shifted operads P 
Proof. This statement is a variation on the enriched model structure of dg-Σ * -modules. As in §3, we can assume that f : M → N is a generating (acyclic) cofibration. Thus we assume that f has the form of a tensor product i ⊗ F s : A ⊗ F s → B ⊗ F s where i : A → B is a generating (acyclic) cofibration of dgmodules and F s is a free Σ * -module. For such tensor products, we have
and our morphism can be identified with the tensor of the dg-module morphism
with the free Σ * -module F s . Hence our claim is a consequence of the axioms of a model category for dg-modules.
Then we obtain: §5.1.13. Claim. Let i : C → D be a dg-module cofibration. If f : M → N is a morphism of right P -modules that defines a cofibration, respectively an acyclic cofibration, in the category of dg-Σ * -modules, then so does the morphism
Proof. We prove this claim by induction. The functorial construction of claim §5.1.10 returns a morphism of pushouts
n ! (N ) from which we deduce a pushout
. And by a standard categorical argument we obtain finally: §5.1.14. Claim. Let i : C → D be a dg-module cofibration. If f : M → N is a morphism of right P -modules that defines a cofibration, respectively an acyclic cofibration, in the category of dg-Σ * -modules, then so does the morphism
Thus our morphism (P [i]
Proof. Indeed our morphism can be decomposed into a sequential colimit
of morphisms of the form
These morphisms are all cobase coextensions of (acyclic) cofibrations by claim §5.1.13 and hence form (acyclic) cofibrations as well. The claim follows.
As a conclusion: §5.1.15. Lemma. The morphism of shifted operads
induced by a dg-module cofibration i : C → D is Σ * -relatively flat. §5.2. Second step: cobase operad coextensions. Now we address the case of a cobase coextension of the form . This identification follows from easy observations. Recall simply that the shifted operad P [C] forms an operad under P characterized by the adjunction relation:
Accordingly, a morphism f : P [C] → Q, where Q is an operad under P is equivalent to a dg-module morphism u : C → Q(0). From this characterization, we obtain immediately: §5.2.1. Observation. Consider a cobase coextension of a shifted operad morphism
where f : P [C] → Q is the morphism of operads under P associated to a dg-module morphism u : C → Q(0). Then the operad R fits also a cobase coextension 
Thus, if we forget operad actions, then we obtain a relative composite identity:
Proof. We recall in the proof of proposition §1.14 that a tensor power (−) ⊗2 preserves reflexive coequalizers of dg-modules. One can check similarly that the composition product of Σ * -modules preserves reflexive coequalizers on the right and, by interchange of colimits, so does the relative composition product M • P N . Accordingly, the relative composite M • Q R can be identified with the coequalizer of the parallel morphisms
. Then according to observations §5.1.6- §5.1.7
, and it is straightforward to check that the morphisms
Recall that the forgetful functor U from a category of right modules over an operad to the category of dg-Σ * -modules creates colimits. Accordingly, for any morphism of right Q-modules f : M → N , claim §5.2.3 yields identifications
Therefore, from lemma §5. 
is Σ * -relatively flat. §5.3. Third step: composites. Next we check that Σ * -flatness is preserved by the composition of operad morphisms. For this aim we need to record the following expected claim: §5.3.1. Claim. If an operad morphism i : P → Q is Σ * -relatively flat, then the functor M → M • P Q preserves Σ * -cofibrations and acyclic Σ * -cofibrations.
Proof. Let f : M → N be an (acyclic) Σ * -cofibration of right P -modules.
Since we assume that i : P → Q is Σ * -relatively flat, the morphism
defines an (acyclic) Σ * -cofibration as well since this morphism is obtained by a cobase coextension of f : M → N . Consequently, the composite
forms also an (acyclic) Σ * -cofibration. This proves our observation since this composite is identified with the morphism f
We use also the associativity property of relative composites (M • P Q) • Q R = M • P R mentioned in §1. More precisely, we use the following standard fact: §5.3.2. Fact. For any composite operad morphism
We have now all elements to prove: §5.3.3. Lemma. Any composite of Σ * -relatively flat operad morphisms
Proof. Let f : M → N be a morphism of right P -modules that defines an (acyclic) cofibration in the category of dg-Σ * -modules. According to §5.3.2 the morphism η N : N → N • P R can be decomposed into a composite
As a byproduct, the morphism
Because i : P → Q is Σ * -relatively flat, the morphism
forms an (acyclic) Σ * -cofibration. Since the first morphism
obtained by a cobase coextension of (f • P Q, η N ), we obtain that this morphism forms an (acyclic) Σ * -cofibration as well.
By claim §5.3.1, the morphism
forms an (acyclic) Σ * -cofibration if f is so. Because j : Q → R is Σ * -relatively flat, we obtain that
forms also an (acyclic) Σ * -cofibration. By §5.3.2 this morphism can be identified with the second morphism
Finally we conclude that M • P R M N → N • P R forms an (acyclic) Σ * -cofibration if f is so since this morphism is identified with a composite of (acyclic) Σ * -cofibrations. §5.4. Fourth step: colimits. We extend the results of the previous subsection to sequential composites. We prove precisely that Σ * -flatness is stable under sequential colimits.
First, we record the following easy observation: §5.4.1. Observation. For any sequential operad colimit
Moreover, the morphism M • P i n : M • P Q n−1 → M • P Q n can be identified with the universal morphism
Proof. One checks readily that the composition product of Σ * -modules M • N preserves sequential colimits in N since so do the tensor power functors in the category of dg-modules. By interchange of colimits, we obtain that the relative composition product M • P N preserves sequential colimits as well. This proves our first assertion. The second assertion is an immediate consequence of fact §5.3.2.
Then: §5.4.2. Lemma. An operad morphism i : P → Q that decomposes into a sequence of Σ * -relatively flat operad morphisms
is Σ * -relatively flat as well.
Proof. Let f : M → N be a morphism of right P -modules. The morphism
Observe simply that, according to observation §5.4.1 we obtain
and therefore we obtain a colimit decomposition of the morphism
According to §5.3.3 the composite morphism P = Q 0 → · · · → Q n−1 is Σ * -relatively flat. By claim §5.3.1 this assertion implies that f • P Q n−1 : M • P Q n−1 → N • P Q n−1 forms an (acyclic) Σ * -cofibration if f is so. Since i n : Q n−1 → Q n is Σ * -relatively flat, by using the identities M • P Q n = (M • P Q n−1 ) • Qn−1 Q n and
, we obtain as in the proof of lemma §5.3.3 that
forms also an (acyclic) Σ * -cofibration. By a cobase coextension, we obtain that the morphism
forms an (acyclic) Σ * -cofibration as well.
Thus we conclude that the morphism
is decomposed into a sequence of (acyclic) Σ * -cofibrations if f is so. Hence this morphism forms an (acyclic) Σ * -cofibration as well and this proves our lemma. §5.5. Fifth step: retracts. By the previous claim, we achieve the verification that Σ * -flatness is preserved under operations involved in a cellular construction of an enveloping operad of a cell algebra. To address the case of all cofibrant algebras, we need simply to record that the class of Σ * -relatively flat morphisms is also stable under retracts: §5.5.1. Fact. A retract of a Σ * -relatively flat operad morphism is Σ * -relatively flat as well.
This assertion is an immediate consequence of axiom M2 of model categories. §5.6. Enveloping operads. We address now the case of the enveloping operad of a P -algebra A: we prove that the operad morphism η A : P → U P (A) is Σ * -relatively flat if A is a cofibrant P -algebra. The idea is to prove this result for a cell P -algebra and to observe that a cell decomposition of A gives rise to a cell decomposition of the enveloping operad U P (A). Then we can deduce our assertion from the previous results, lemmas §5.1.15, §5.2.4 and §5.4.2. For this aim, we recall first a convenient definition of the enveloping operad. §5.6.1. Recalls: enveloping operads. In fact, the enveloping operad associated to a P -algebra A can be defined as the operad under P that fits the adjunction relation
Recall simply that B = Q(0) defines the initial object in the category of Q-algebras. Hence, if Q is an operad under P , then B = Q(0) is endowed with a canonical Palgebra structure by restriction through the unit morphism η : P → Q. We refer to [4] for this definition of the enveloping operad.
One observes that a U P (A)-algebra is equivalent to a P -algebra B equipped with a P -algebra morphism η : A → B. Accordingly, the category of U P (A)-algebras is isomorphic to the category of P -algebras under A. This characterization of the enveloping operad is the original definition of [8] .
The next assertion is a straightforward consequence of the adjoint definition of the enveloping operad:
(1) The functor A → U P (A) from P -algebras to operads under P preserve colimits. (2) For a free P -algebra A = P (V ), we have U P (P (V )) = P [V ]. §5.6.3. Recalls: cell algebras. In §0.8, we recall that the semi-model category of algebras associated to Σ * -cofibrant operad is cofibrantly generated. To be explicit, recall that the generating cofibrations are the free P -algebra morphisms P (i) : P (C) → P (D) induced by generating cofibrations of dg-modules. Accordingly, for a Σ * -cofibrant operad P , any cofibrant P -algebra is a retract of a cell P -algebra, a cell complex obtained by attachments of generating cofibrations in the category of P -algebras. Explicitly, a cell P -algebra consists of a P -algebra A equipped with a colimit decomposition
so that the morphisms j n : A n−1 → A n are obtained by pushouts
in which the left-hand side vertical morphisms are free algebra morphisms P (i n ) :
Note that the sequential colimit of a cell decomposition can be assumed to run over non-negative integers N as long as dg-modules form our ground category. By fact §5.6.2, we obtain immediately: §5.6.4. Fact. The enveloping operad U P (A) of a cell P -algebra A is equipped with a cell decomposition. Explicitly, for a cell P -algebra A, the canonical morphism η : P → U P (A) decomposes into a colimit
so that the morphisms j n : U P (A n−1 ) → U P (A n ) are obtained by operad pushouts
in which the right-hand side vertical morphisms are shifted operad morphisms P [i n ] :
By lemmas §5.1.15, §5.2.4, §5.4.2 and fact §5.5.1, we conclude: §5.6.5. Lemma. Suppose that P is a Σ * -cofibrant operad so that the category of P -algebras is equipped with a semi-model structure. If A is a cofibrant P -algebra, then the morphism η : P → U P (A) is Σ * -relatively flat. §5.7. Proof of lemma 5.B. As mentioned in the section introduction, we deduce lemma 5.B from lemma §5.6.5 above and from the classical Brown lemma. Precisely, in our verifications, we record: §5.7.1. Claim (See claim §5.3.1). If an operad morphism φ : P → Q is Σ * -relatively flat, then the functor φ ! : Mod P → Mod Q preserves Σ * -cofibrations and acyclic Σ * -cofibrations.
From this result, we deduce: §5.7.2. Claim. Assume that P is a Σ * -cofibrant operad. If an operad morphism φ : P → Q is Σ * -relatively flat, then the functor φ ! : Mod P → Mod Q preserves weak-equivalences between Σ * -cofibrant objects.
Proof. Actually, this statement is a variation of Brown's lemma and we refer to the proof of [13, Lemma 1.1.12]. Observe simply that a cofibrant right P -module is Σ * -cofibrant if P is so.
As a corollary, by lemma §5.6.5, we obtain: §5.7.3. Claim (Lemma 5.B). Let P be a Σ * -cofibrant operad. If A is a cofibrant Palgebra, then the extension functor M → M • P U P (A) preserves weak-equivalences between Σ * -cofibrant objects.
This claim achieves the proof of lemma 5.A (lemma B of the article).
Further remarks: functors associated to Λ * -modules. In [B2] , we consider, after [2] , Λ * -module structures that consist of a Σ * -module M equipped with operations ∂ i : M (r) → M (r − 1), i = 1, . . . , r, so that ∂ i ∂ j = ∂ j−1 ∂ i for i < j. One observes readily that a Λ * -module is equivalent to a right module over the initial unital operad * , characterized by: * (0) = F, * (1) = F and * (r) = 0 for r ≥ 2.
The operation ∂ i : M (r) → M (r − 1) represents the partial composite x → x • i * with a distinguished 0-ary operation * ∈ * (0).
In the topological context, an algebra over the initial unital operad is equivalent to an object A ∈ Top which is pointed by a unit morphism * : pt → A. By definition, the functor S * (M ) associated to a Λ * -space M is given by the quotient S * (M, A) = . . . , * , . . . , a n ) = x • i * (a 1 , . . . , * , . . . , a n ).
This construction generalizes the classical James's model of ΩΣX (see [14] ) and its generalization to iterated loop spaces Ω n Σ n X (see [2, 17] ). Actually, in the original definition of [17, Construction 2.4], motivated by recognition issues for iterated loop spaces, the monad associated to a topological operad is defined by a functor of the form S * (P ).
An object is cofibrant in * Alg simply if the unit morphism * : pt → A forms a cofibration in the ground model category of topological spaces. Thus the cofibrant algebras over the initial unital operad are the well-pointed topological spaces and lemma 5.A asserts that a weak-equivalence of Σ * -cofibrant Λ * -objects, the cofibrant objects for the Reedy model structure of [B2] , induces a weak-equivalence S * (f, A) : S * (M, A) ∼ − → S * (N, A) for all well-pointed spaces A. In this context, we recover a result of [2] . In fact, in this particular example, the space S * (M, A) can be identified with a coend over the generalized Reedy category Λ * , considered in [B2] , and the homotopy invariance of the functor M → S * (M, A) can be deduced from general homotopy invariance properties of coends (see [2, Lemma 2.7 
]).
Prospects: algebra structures on modules and functors As mentioned in the introduction, this article is motivated by applications of [B1] . In this reference, we observe precisely that the classical bar complex of algebras is identified with the functor S K (B K , A) associated to a right module over Stasheff's chain operad K. Let P be an operad under K so that P -algebras form K-algebras by restriction of structure. The restriction of the bar complex A → B(A) to the category of P -algebras is identified with the functor S P (B P , A) associated to the extended right P -module B P = B K • K P by the categorical results of §1. The idea of loc. cit. is to apply homotopical algebra techniques at the module level in order to obtain functorial multiplicative structures on the bar complex B(A) = S P (B P , A). In this conclusion section, we hint how module techniques can be used to model the algebra structure of such functors F : P Alg → dg Mod in general.
The bar module. First, we explain how the categorical constructions of §1 imply readily that the bar complex B(A) is identified with a functor of the form B(A) = S P (B P , A). Recall that Stasheff's chain operad K represents the minimal model of the associative operad A in the category of dg-operads. For simplicity, we give the construction for the associative operad A, but the construction works same with K. Moreover, we have B A = B K • K A.
In fact, the associative operad A forms itself an associative algebra in (Mod A, ⊗, 1), the monoidal category of right A-modules, as the operad composition product µ : A • A → A is formally equivalent to morphisms Therefore we obtain readily B(A) = S A (B A , A).
In [B1] , we check that B P = B K • K P forms a cofibrant right P -module, for any operad P . Accordingly, any weak-equivalence of operads φ : P → Q induces a module weak-equivalence:
This observation allows to transfer multiplicative structures from B Q to B P , and, as a byproduct, to transfer multiplicative structures functorially from the bar complex of Q-algebras to the bar complex of P -algebras. For Q = C, the commutative operad, and P = E, an E ∞ -operad, this construction gives rise to the structure result of [B1] .
Algebra structures. In constructions sketched in the previous paragraph, we introduce algebra structures in categories of right modules over operads. To be precise, since the category of right modules over an operad P is enriched over dgmodules, we have a natural notion of a Q-algebra in Mod P , for any dg-operad Q. One can observe readily that a Q-algebra in Mod P is equivalent to a Q-Pbimodule structure, where we consider the natural bimodule notion defined in [6, §2.1] and [18, §2.1.19] (this notion of a bimodule is also used in [9] for another purpose, namely to model A ∞ -morphisms).
As we proved in §3 that the category of right modules over an operad P forms a proper enriched monoidal model category, the general homotopy algebra techniques of [1] can be applied to this category. In particular, algebras in a category of right P -modules form model categories (compare with [18, §3.2.7, §3.3.8]). In fact, the category of right P -modules behaves better as a ground category than the category of dg-modules, since the symmetric group Σ r operates freely on tensor powers M ⊗r of connected Σ * -modules M , which have M (0) = 0 (see [5, 6, 10] ). As a byproduct, one can check that the Q-algebras in the subcategory of connected right P -modules form a model category even if Q is not a Σ * -cofibrant operad. Note however that free Q-algebras in right P -modules, defined by composite Σ * -modules Q•M , can be Σ * -cofibrant only if Q is itself a Σ * -cofibrant operad. The same restriction applies to cofibrant Q-algebras. Thus lemma B can be applied to cofibrant Q-algebras in right P -modules only in the situation where Q is a Σ * -cofibrant operad.
Anyway, since we prove in §1 that the functor S P is strictly monoidal, we obtain, after [18] , that a Q-algebra R in Mod P represents a functor F = S P (R) from the category of P -algebras to the category of Q-algebras. Therefore we conclude that the category of Q-P -bimodules supplies a good model for the homotopy of functors F : P Alg → Q Alg.
Coalgebra and bialgebra structures. The latter observation can be extended to functors to a category of coalgebras, respectively bialgebras. In that case, we consider coalgebra, respectively bialgebra, structures in right modules over operads. For the notion of a cocommutative bialgebra we can refer to [4] where this structure is introduced for other purposes (namely Lie theory of formal groups over operads).
As in the context of algebra structures, it is convenient to restrict ourself to connected objects. Indeed, a model structure can be defined for a category of connected coalgebras, respectively bialgebras, in right modules over an operad.
In fact, the right P -module B P that represents the bar complex is naturally a connected coalgebra in Mod P and the main structure theorem of [B2] asserts that B P is equipped with a structure of a Hopf E ∞ -algebra if P is an E ∞ -operad.
In the context of bialgebras, it is more natural to consider unitary objects, unital operads, and the Reedy model structure defined in [B2] . Therefore, to avoid the unit difficulties handled in [B2] , we concentrate on multiplicative structures in [B1] , the sequel paper of this article, and we postpone a possible homotopical study of bialgebras in modules over operads to a sequel of [B2] .
